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OnTHMajibHbiii BepoaTHOCTHbitt noncK 



AHHOTai];Ha 

Pa6oTa nocBflmena HCCJieflOBaHHio onTHMajibHoro noHCKa HenoflBH>K- 
Horo o6TDeKTa, TOHHoe MecTopacnojio>KeHHe KOToporo HensBecTHO, oflna- 
KO H3BecTHO ero pacnpeflejieHHe c neKOTopoft njiOTHOCTbio BepoHTHOCTH b 
n-MepHOM npocTpancTBe. IlojiyMeHO npocToe Heo6xoflHMoe ycjiOBHe on- 

THMajIBHOCTH TpaeKTOpHH. J^JISi nOHCKa Ha CHJIBHO BbinyKJIblX MHO>Ke- 

CTBax yflaeTCfl nojiyHHTb b hbhom BH^e flH4)4)epeHLi,HajibHoe ypaBHeHHe, 
aaflaiomee onTHMajibnyio TpaeKTopnio. B nocjieflneft rjiaBe TaK>Ke flOKa- 
aana TeopeMa cymecTBOBaHHfl onTHMajibHoro noHCKa. 

KjiHDHeBbie cjiOBa 

OnTHMajibHbiii hohck, BepoaTHOCTHbiii hohck, TpaeKTopna noiiCKa, Biixpebaa 
ocoSeHHOCTb, cymecTBOBaHiie onTiiiviajibHOoro noiiCKa. 



^AsTop 6jiaro^apeH 3ejiHKHHy M.H. sa nocTOHHoe BHHMaHne k pa6oTe h MHOJKecTBO iiennbix 

IieHHblX COBeTOB. 



1 HocTaHOBKa sa^ann 

PaccMOTpHM aaflany noHCKa noflBH>KHbiM nrpoKOM (nasoBeM ero P) neno- 
flBH>KHoro o6TDeKTa (nasoBeM ero E)^ b n-MepnoM eBKJiHflOBOM npo- 
CTpancTBe M"'. HrpoK P na^HHaeT flBH>KeHHe h3 tomkh o e W^ h npofloji- 
>KaeT flBH>KeHHe co CKopocTbio He npeBOCxoflflmeft no MOflyjiio eflHHHLi,bi. 

06jiaCTb BHflHMOCTH HrpOKa P B MOMeHT BpeMeHH t - 3TO saMKHy- 

TbiH map paflHyca 1 c Li,eHTpoM b Tonxe pacnojio>KeHH5i nrpoKa P. IIohck 
CHHTaeTCfl saKOHneHHbiM B TOT MOMeHT BpeMeHH, Korfla TOHKa E Hona- 
flaeT B o6jiacTb bh^hmocth nrpoKa P, T.e paccTOHHHe Me>Kfly TOHKaMH P 
H E CTanoBHTCfl MeHBHie HjiH paBHbiM eflHHHH,bi. HrpoKy P He HsnecTHO 
TOHHoe pacHOjio>KeHHe tohkh E b npocTpancTBe, o^naKO eMy HsnecT- 

na HJIOTHOCTb BepOHTHOCTH ifj^x) B03MO>KHOrO paCHOJIO>KeHH5I TOHKH E 

B npocTpancTBe M", h oh Bbi6HpaeT CTpaTernio flBH>KeHH5i, HCxoflH h3 

MHHHMH3aH,HH MaTeMaTHHeCKOFO 0>KHflaHH5I BpeMeHH HOHCKa. OyHKH,H5I 
HJIOTHOCTH BepOaTHOCTH t(j[-) yflOBJieTBOp^eT CJieflyiOH],HM CTaHflapTHbIM 

ycjiOBHHM: 

1. B J11060H TOHKe X E M" 4)yHKH,H5i iIj^x) HeoTpHH,aTejibHa: tlj{x) > 0. 

2. OyHKH,H5i tlj[x) HHTerpnpyeMa b Jle6eroBCKOM CMbicjie (cm. [1]), 
T.e. iIj{x) e Li(M^). 

3. HnTerpaji 

tlj{x) dx = 1. 



TaK KaK HrpoKy P nensBecTHO Tonnoe pacHOJio>KeHHe tohkh E, to, 
4)opMajibHO, HrpoK P B Ka>KflbiH MOMeHT BpeMeHH t > onpeflejifleT 
HanpaBjieHHe CBoero flBH>KeHH5i b saBHCHMOCTH ot Toro, nameji jih oh 



^06o3HaHeHHfl P m E Bbi6paHbi no accoiiHaiiHH c anrjiHiicKHMH persecutor h evador. 



y>Ke TOHKy E hjih neT. OflnaKO, b tot momcht BpeMCHH, Kor^a nrpoK 
P HaftfleT E noHCK saKOHMHTCH. CjieflOBaTejibHO, CTpaTerneft nrpoKa P 
5iBJi5ieTC5i HeKOTopafl TpaeKTopHfl ero flBH>KeHH5i npH t E [0;+oo), no 

KOTOpOH OH flBH>KeTC5I flO TCX HOp, HOKa HC HaftfleT TOHKy E. 

OnHcaHHafl CHTyaLi,H5i b sa^ane onTHMajibHoro BepoHTHOCTHoro no- 
HCKa KapflHHajiBHO OTjiHHaeTCfl ot CHTyaLi,HH B saflanax hohmkh, b koto- 
pbix HrpoK E noflBH>KeH: b o6iii,eM cjiynae b TaKHx sa^anax onTHMajib- 
Hafl CTpaTerHfl ne onpeflejiaeTca oflHoft eflHHCTBeHHoft TpaeKTopneft, a 
MOJKGT, nanpHMep, onpeflejiHTbCH cjiynaftHbiM Bbi6opoM KaKoft-TO Tpa- 
eKTopHH H3 6ecKOHeHHoro ceMeftcTBa TpaeKTopHft (cm., nanpHMep, [2]). 

Jlio6a5i TpaeKTopnfl b nccjieflyeMon sa^ane nepoHTnocTnoro noncKa 
5iBji5ieTC5i Jlnnmnn,eBOH Kpnnon c KoncTanTon Jlnnmnn,a ne npenocxoflfl- 
n],eH eflnnnn,y (cm. [3]), T.e. 

7(0) =0 n 7(t)eLip<i([0;+oo)^M-)3. (1) 

J\ajieKO ne y bchkoh Jlnnmnn,eBOH Kpnnon onpeflejieno non^Tne cko- 
pocTn, noBTOMy pasyMno o6o6n],nTb nonaTne CTpaTcrnn nrpoKa P b 3a- 
flane noncKa, n paccMOTpcTb b KanecTBC bosmojkhbix TpacKTopnn nrpoKa 
P Bce JlHnmHn,eBbi TpacKTopnn 7(t) c KoncTanTon Jlnnmnn,a pannon 1 
n nannnaion],nec5i b tohkc o. 

C flpyroH CToponbi, ne BCHKaa TpacKTopna 7(t) c ycjionnaMn (1) 
noflxoflHT fljifl paccMOTpennfl. B Tenennn Bcero noncKa nrpoK P flOJi>Ken 
rapanTnponanno naxoflnTb Tonxy E, noBTOMy mbi flOji>Knbi najio>KHTb na 
B03M0>Knbie TpacKTopnn 7(t) cjieflyion],ee ycjionne: nycTb 

Q = Swppilj{x) 
o6o3nanaeT nocnTCjib 4)ynKn,nn iIj^x) (cm. [1]), Tor^a 

Onpe^ejiGHHe 1.1. TpaeKmopuw 7(t), ydoGAemeop^winyw (1), 6ydeM 
Haaueamt donycmuMOU, ecAU Sam noumu ecex x E Q, naudemc^ t > 



^Lip<]^([0; +oo) — > ]R") o6o3HaHaeT npocTpancTBO JlnnniHiieBbix kphbmx c KOHCTaHToii JlnnniH- 
iia He npeBOCxo^flmeii 1. 



maKou, umo \^{t) — x\ < 1. To ecmt Aw6aM mouKa x ^ Q,, sa ucKAWue- 
HueM 6^1771^ MODtcem MHOotcecmea Mepu 0, 6ydem ocMompena mpoKOM 
P npu deuDtceHuu edoAh mpaeKuiopuu ^{t) npu t e [0; +oo). TanuM o6- 
paaoM, eepo^mHocm'b naumu mpona E e meuenue ecezo epeMenu deu- 
otcenuM paena eduHuv^e. MHOotcecmeo ecex donycmuMUX mpaeKuiopuu 
MU 6ydeM o6o3Hauam'b 5'(Q,o). 

PaccMOTpHM npoH3BOjibHyio TOMKy X E ^. riycTb t(7, a:) - bto tot 
MOMCHT BpeMCHH, B KOTopbiH TOMKa X B nepBbiH pa3 HonafleT B o6- 
jiacTb BHflHMOCTH HrpoKa p. EcjiH HrpoK P B Te^enHH flBH>KeHH5i no 
7(t) ocMOTpHT HeKOTopyio TOHKy X, TO t{'y,x) onpeflejieno KoppeKTHO 
BBHfly saMKHyTOCTH o6jiacTH BHflHMOCTH HrpoKa P - cpeflH Bcex t > 
TaKHx, HTO |7(t) — x\ < 1, ecTecTBeHHO, cymecTByeT MHHHMajibHoe: 

t(7, a:) = min{t > : |7(t) -a:| < 1}. (2) 

/]^OnyCTHMOCTb TpaeKTOpHH 7(t) paBHOCHJIBHa TOMy, HTO 4)yHKLI,H5I 

t(7, x) onpeflejiena fljia hohth Bcex tomck a: G Q. 

KaK noKasaji aMepHKancKHft MaTCMaTHK Po6epT CojiOBaft (cm. [4]) 
B TeopeTHKO-MHO>KecTBeHHOH aKCHOMaTHKC ZF 6e3 aKCHOMbi Bbi6opa C 
jiio6oe MHO>KecTBO fleftcTBHTejibHbix MHceji 5iBji5ieTC5i H3MepHMbiM no Jle- 
6ery. Bojiee Toro, floGaBjienne aKcnoMbi cneTHoro nocjieflOBaTejiBHoro 
Bbi6opa DC TaK>Ke ne flocTaTonno fljia nocTpoenHH neHSMepHMbix mho- 
>KecTB na npHMoft. IlocKOjibKy b flanHoft CTaTte HcnojibsyeTCH jihiub ax- 

CHOMa DC, TO Mbl M05KCM HC SaflyMBIBaTBCfl o6 H3MepHMOCTH pasjiHnHBix 
MHO>KeCTB H 4)yHKLI,HH. 

TaKHM o6pa30M, 4)yHKLi,H5i t(7, x) H3MepHMa , H MaTCMaTHnecKoe 
o>KHflaHHe Tt/,(7(-)) BpeMCHH noHCKa npn flBH>KeHHH nrpoKa P Bflojib 
TpaeKTopHH 7(-) saflaeTCfl (^opuyjiow. 



^HeTpy^HO ^OKasaTb nojiynenpepbiBHOCTb CHHsy (jjyHKiiHH f (7, x) no a; h BbisecTH OTCio^a ee 
HSMepHMOCTb, o^HaKO, KaK 6biJio CKasaHO Bbime, SToro He Tpe6yeTCfl. 



T^ 



(7(.)) = / t(7, x)i{j{x) dx G M+ U {+00}. 



(3) 



Bo3MO>KHO npH 3TOM T^(7(-)) = +00. /]^onycTHMyio TpaeKTopHK) 
7(-) G 5'(Q,o) MM 6yfleM naabiBaTb onTHMajibHoft, ecjiH 4)yHKLi,HOHaji 
'7"i/)(") flocTHraeT rjio6ajibHoro MHHHMyMa no bccm flonycTHMbiM TpaeKTO- 

PH5IM 7(-) G S{Q.^0) Ha 7(-). CoOTBeTCTBeHHO 



inf 



T^(7(-)) 



7GS'(f],o) 



/]^ajiee mbi 6yfleM npcflnojiaraTb, hto r! KonenHO. Ba>KHO OTMeTHTb, 
HTO onTHMajiBHafl TpaeKTopHH onpeflejiaeTCfl HCKjiiOHHTejibHO (|)yHKLi,H- 

eft '0(a;). 



2 IIpHMepbi 



PaccMOTpHM HecKOJibKO Heo>KHflaHHbix npHMe- 
poB onTHMajiBHBix TpaeKTopHH. ripHMepbi H npH- 
BefleHHbie 4)aKTbi b flannoM naparpa4)e onnpa- 
IOTC5I Ha pesyjiBTaTbi, flOKaaannbie b [5] (Tax >Ke 
CM., nanpHMep, [6]). 

Onpe^ejiGHHe 2.1. BydeM goeopum'b, umo 
TJipaeKiJiopusi ^it) UMeem euxpeeyw oco6eH- 
Hocmh npu HanaAe deuDtcenu^ (cm. puc. 1), ecAU 
Basi Aw6ogo noAH020 GunyKAOzo ocmpoyzoAhHogo 
KpyzoGozo KOHyca K^ c eepmuHou e moHKe o u 
CKOAh yzodno MaAoso At > naudemc^ MOMenm 
epeMCHU < ti < At, maKou nmo 




Phc. 1: ripHMep BHxpe- 

BOH OCoSeHHOCTH npH Ha- 

Hajie ;i;BHJKeHHa b ;i;By- 
MepHOM cjiynae. 



l{ti) i K, 



B oflHOMepHOM cjiy^ae TpaeKTopHH c BHxpeBoft oco6eHHOCTbio flejia- 
eT npH HaMajie flBH>KeHH5i c^eTHoe mhcjio nepeKjiiOMeHHH (nofl tomkoh 
nepeKjiiOMeHHfl HMeeTca BBHfly TOMKa, b KOTopoft ne cymecTByeT CKopo- 
CTH 7(t) HjiH 7(t) = 0). B flByMepHOM cjiy^ae BHxpeBaa oco6eHHOCTb 
- 3TO, no-BHflHMOMy, HeKafl cnnpajib KoneMHoft ajthkbi HanofloGne jio- 
rapH4)MHMecKOH, flejiaiomafl c^eTHoe mhcjio o6opoTOB BOKpyr nyjiH. B 
n-MepHOM cjiy^ae nrpoK P, flBHraacb no TpaeKTopHH c BHxpeBoft oco- 
6eHHOCTbio npH nanajie flBHJKeHHH o65i3aH noKHnyTb jiio6oh Konyc i^+ 
3a J11060H CKOjib yroflHO Majibift HanajibKbiH nepnofl BpeMCHH. 

HajiHHHe BHxpeBOH oco6eHHOCTH npH nanajie flBH>KeHH5i osnanaeT 
KaK MHHHMyM OTcyTCTBHC npeflcjia HanpaBJieHHfl CKopocTH 7(t) npn 
t^ +0 ^ 

OKasbiBaeTCfl, hto b flocTaTOHHO 6ojibmoM ceMeficTBe sa^an BepoHT- 
HOCTHoro noHCKa onTHMajibnafl TpaeKTopHH oGjia^aeT BHxpeBoft oco6eH- 

HOCTblO: 

TeopeMa 2.1. nycmt Bq - smo map paduyca 1 c v^eHmpoM e mouKe o, 
mo ecmt Bq - o6Aacm'b euduMOcmu mpona P e HanaAhHuu MOMenm 
epeMCHU t = 0. EcAU ijj^x) cmpeMumc^ k +00 npu x -^ BBq cnapy- 
otcu mapa Bq, mo onmuMaAtHa^ mpaeKmopu^ 7(t) UMeem euxpeeyto 
oco6eHHOcm'b npu nauaAe deuDtcenuM^ . 

Bojiee Toro, b oflHOMcpnoM cjiynae b onTHMajibHbix TpaeKTopnax 

naCTO B03HHKaiOT OCo6eHHOCTH npH OKOHHaHHH flBH>KeHH5I, B KaKOM-TO 

CMbicjie flBOHCTBeHHbie BHxpeBbiM npH nanajie. 



^Ha caMOM ^ejie, ecjiH onTHMajibHaa TpaeKTopnii o6jia^aeT BHxpeBoii oco6eHHOCTbio npn Ha^a- 
jie ^BHJKeHHfl, TO 3T0 osHaHaeT Ky^a 6ojiee CHJibHoe BbipojK^eHHe, hbm OTcyTCTBne nanpaBJieHHii 

CKOpOCTH B i = 0. 

^/JoKasaTejibCTBO cymecTBOBanHii onTHMajibHoii TpaexTopHH cm. ^ajiee. 



IIpHMep 2.1. 

EcjiH noHCK npoHCxoflHT Ha OTpesKe [—2; 2], h 
4)yHKLi,H5i njiOTHOCTH '^(a;) ycTpoena cjieflyiomHM 
o6pa30M: 




, ecjiH 1 < |a:| < 2, 




0, ecjiH |a;| < 1 



Phc. 2: HaKonjienne ne- 
peKjiiOHeHHH npH nanajie 
;i;BHJKeHHa. 



-^ +00 npH X — > 1 + H 
X -^ —1 — 0. Torfla npn onTHMajibHOM noHC- 
Ke 3a J11060H, CKOjib yroflHO Majibift HaMajibHbift 
HHTepBaji BpeMeHH [0; At] CKopocTb nrpoKa P flejiaeT c^eTHoe mho 



jio nepeKjiiOHeHHH c -1 na 1 h Hao6opoT: xq 



3' 



X-i 



-0,00694, 



X-2 — 0, 00000301, . . . , \x-n\ — 16 • 48~ , ... (nyMepai^HH tomck nepe- 
KjiiOMeHHfl, ecTecTBeHHO, HfleT ot — 00; CM. pHC. 2). Me>Kfly onHcanHbiMH 
TOMKaMH nepeKJiiOHeHHfl nrpoK P p^BmyKeTCsi c nocTOHHHoft CKopocTbio. 



ITpHMep 2.2. 

B 3TOM npHMepe sa^a^a noHCKa TO>Ke npoHC- 
xoflHT Ha OTpesKe [—2; 2], ho 4)yHKH,H5i hjiothocth 
t(j{x) ycTpoena no-flpyroMy: 




i{j{x] 



1 



\x 



1|, ecjiH 1 < |a:| < 2, 



0, ecjiH \x\ < 1. 



3: HaKonjie- 
nepeKjiioHeHHH 



Phc. 
HHe 

npH OKOHHaHHH 

To eCTb iIj{x) CTpCMHTCfl K HpH HpH6jIH>KeHHH flBHJKeHHa. 

X K 060HM KOHH,aM OTpesKa HOHCKa. Torfla b btom 
cjiynae b OHTHMajibHoft TpacKTopHH hohck anpno- 

PH MO^KCT SaHHTB GeCKOHCHHOe BpCMfl, HCCMOTpfl Ha TO, HTO MaTCMa- 
THHCCKOe 0>KHflaHHC BpCMCHH HOHCKa T^l;{'~f{-)) 6yfleT MHHHMajIBHO. HpH 



6 



t -^ +00 onTHMajibHafl TpaeKTopHH 7(-) HMeeT c^eTHoe KOjiH^ecTBO to- 
HeK nepeKJiiOMeHHfl CKopocTH c -1 na 1 h Hao6opoT (cm. pnc. 3). Tomkh 
nepeKjiiOMeHHfl HaKanjiHBaiOTCfl k KOHLi,aM OTpesKa [—1; 1] cjie^yiomHM 

o6pa30M: xq ^ |, a:i c^ -0,972,a;2 ^ 0,999798, ..., \xn\ ^ l-4-12~2''... 



ITpHMep 2.3. 

B n-McpHOM cjiy^ae TaK>Ke Ha6jiioflaiOTC5i 34)4)eKTbi, onHcaHHbie b 
flByx npeflbiflymHX npHMepax. 9to CBHsano c tcm, mto b n-MepnoM cjiy- 
Mae HeTpyflHO npHflyMaTb sa^a^y onTHMajibHoro BepoHTHOCTHoro noHC- 
Ka, KOTopafl 6bijia 6bi BKBHBajieHTHa jiio6oh nanepefl saflanHoft oflHO- 
MepHOH safla^e noHCKa - fljia SToro naflo bshtb b Ka^ecTBe Q Tpy6Ky, a 
3HaMeHH5i -0(3:) b btoh Tpy6Ke sa^aTb no SHaneHHHM b cooTBeTCTByromefi 
oflHOMepnoH aaflane noHCKa. 

3 HeoSxo^HMbie ycjiOBna onTHMajibHoii xpa- 

eKTOpHH 

BepoHTHOCTHbiH noHCK B oflHOMepHOM npocTpaHCTBC M noflpo6HO H3y- 
nen B [5]: nocTpoenbi onTHMajibHbie TpaeKTopHH noHCKa, Hsyneno hx 
noBefleHHe h acHMnTOTHKa. OflnaKO, y>Ke fla>Ke b flByMepnoM cjiynae 
B03HHKaiOT ceptesHBie TpyflHOCTH H CTaHflapTHbie MeTOflbi noHCKa mh- 
HHMyMa He pa6oTaiOT. 

OcHOBHafl npo6jieMa saKjironaeTCfl b cjieflyiomeM: npocTpancTBO flo- 
nycTHMbix TpaeKTopHH S{Q, o) ne o6jiaflaeT hh jiHHefiHofi, hh BbinyKjioft, 
HH rjiaflKOH CTpyKTypoH. EflHHCTBeHHafl ecTecTBeHHafl CTpyKTypa - bto 
CTpyKTypa MeTpHnecKoro npocTpancTBa, HHflyi^HpoBanHafl h3 oGT^eMjiio- 
mero npocTpancTBa Lip([0; +cxd) ^ M"). OflnaKO OTHOCHTejibHO flanHoft 

CTpyKTypbl MHO>KeCTBO 5'(Q,o) He 5IBJI5ieTC5I HH KOMHaKTHbIM, HH fla>Ke 

OTKpbiTbiM HJiH saMKHyTbiM B Lip([0; +00) -^ M"). Bojiee Toro hh oflna 
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flonycTHMafl TpaeKTopHH c KOHCTaHToft JlHnmHLi,a paBHoft 1 ne 5iBji5ieTC5i 
BHyTpeHHeft tomkoh - npn jiio6oh Majioft Bapnai^HH CKopocTb flBH>KeHH5i 
no 3TOH TpaeKTOpHH MO>KeT npeBbiCHTb 1 (onTHMajiBHyio TpaeKTopHK) 
cjieflyeT HCKaTb KaK pas cpe^H TaKHx TpaeKTopHii). 

nonpo6yeM noflnpaBHTb npocTpancTBO 5'(Q, o), Tax HTo6bi nojiynHTb 
Ha HeM KaKyio-HH6yflb npneMjieMyio jiHHeftHyio CTpyKTypy, ne noTep^B 

npH 3TOM HH OflHOH flOnyCTHMOH TpaCKTOpHH, HO COXpaHHB MHHHMyM 

4)yHKLi,HOHajia t^{-) cpeflnero BpeMenn noHCKa - bto hosbojiht c4)opMy- 
jiHpoBaTb Heo6xoflHMbie ycjiOBHH onTHMajibHoft TpaeKTopHH B TepMHHax 
flH4)4)epeHLi,HajibHoro HCMHCjieHHH. 
riycTb IR+ = [0; +00), Tor^a 

OnpeflejiGHHe 3.1. PacmupeuHMM npocmpaHcmeoM unmezpupyeMMX 
cf)yHKVfUU Had Q, 6ydeM Haaueamh (Vt CHa6DtceH0 Ae6e206CK0u Mepou fi) 



L^(Q) = {/(.) : Q ^ M+ U {+00}, f{x) - usMepuMo). 
TaKDtce MM MODtceM onpedeAumh 0606'Uj^eHue unmezpaAa JIe6e2a 

I ■ dji: L^(Q) ^ M+ U {+00} 

Sam /(•) e L^(Q) CAedyjow^UM o6pa30M: ecAU /i{x e Q : f{x) = 
+cxd} > 0, mo noAODtcuM J^ f[x) dfi = +00; ecAU otce ii{x e Q : f{x) = 
+(X)} = 0, mo J^ f{x) dfi onpedeAUM nan o6uhhuu unmezpaA JIe6e- 
za om f{x) u3MeHU6 npedeapumeAtHO SHauenuM f{x) na MHOotcecmee 
{x G Q, : f{x) = +00} Ha Aw6oe KoneuHoe uucao. 

EcjiH napa 4)yHKLi,HH fi{x) h f2{x) jie>KaT b L'j*(Q), Tor^a fi{x) + 
f2{x) e L^(Q), fi{x)f2{x) e Lf{Q) h Xfi{x) G L^(Q) ajih jiio6oro 
A E M.-\- (to ecTb L]*(Q) - nojiyajire6pa nafl M_^). 



riycTb 7(t) - HeKOTopafl TpaeKTopHH, HaMHHaioiii,a5iC5i b tomkc o. Ha- 

nOMHHM, MTO t(7, x) - 3TO nepBblH MOMCHT BpeMeHH, B KOTOpblH HrpOK P 

flBHraflCb no 7(t) ocmotpht TOHKy x. Ecjih 7(-) E 5'(Q,o), to 4)yHKLi,H5i 
t(7, a:) (cm. (2)) onpeflejiena fljia hohth Bcex a; G f^. A-^^ npoHSBOJibHofi 
>Ke TpaeKTopHH 

7(-) : [0 : +00) -^ M", h 7(0) = o 

nojiojKHM t(7, x) paBHOH +(X), BO Bcex TOMKax a: e Q, KOToptie nrpoK 
P He ocMOTpHT. Torfla t{'y,x) e L'j*(Q). TaKHM o6pa30M, ecjiH hckoto- 
pafl TpaeKTopHfl 7(t) neflonycTHMa, to, aBTOMaTH^ecKH, t^(7(-)) = +cxd. 
To ecTt. Mbi nojiy^HjiH ecTecTBeHHoe npoflOji>KeHHe 4)yHKLi,HOHajia T-y(-) 
Ha HeflonycTHMbie JlHnmHLi,eBbi KpHBbie: 4)yHKLi,HOHaji t^(-) Tenepb onpe- 
flejien na bccm eflHHHMHOM mape Lip<;^ (o,n). 

Onpe^ejiGHHe 3.2. 06o3HauuM uepes Lip(o,n) - npocmpaHcmeo ecex 
JIunmuv^eeMX npueux 7(-), HanuHajow^uxcsi e mouKe o: 



Lip(o,n) = {7(-) G C([0; +00) ^ M") : 7(0) = ou \\-f{-)\\up < 00}, 
2de Jlunuiuv^eea nopMa || • ||Lip sadaemc^ maK: 

||7(-)||Lip = min{aeM+:Vti,t2eM+ |7(ti) - 7(^2)! < a\ti - t2\} ^. 

HTaK, Mbl MO>KeM BJIO>KHTb MHO>KeCTBO Si^l^ o) B eflHHHMHblH LUap 

Lip<^ (o,n) H3 HopMHpoBaHHoro npocTpancTBa Lip(o,n) h npoflOji>KHTb 
ecTecTBeHHbiM o6pa30M 4)yHKLi,HOHaji T^(-) TaK, MTO ero MHHHMyM na 
MHO>KecTBe 5'(n, o) H na eflHHHMHOM mape Lip<^(o, n) 6yfleT flocTHraTb- 
C5I na oflHOH H TOH >Ke TpaeKTopHH. 



"^ J\nR KyCOHHO rjia^KHX KpHBblX HOpMa ||7(-)l|Lip - 3T0 MEKCHMyM MO^yjIfl CKOpOCTH |7(i)|- 



Bojiee Toro, ecjiH 7(t) G Lip(o, n) h ||7(t)||Lip < 1, to 7(t) ne ohth- 
MajibHa B mape Lip<^ (o,n) (flBH>KeHHe no neft saeeflOMO mojkho ycKO- 
pHTb: 7( 11 II ))■ SnanHT onTHMajibnyio TpaeKTopnio (to ecTb mhrhmym 

4)yHKLi,HOHajia t^{-) ) na^o HCKaTb na eflHHHHHofi c4)epe Lip^^(o,n) b 
Lip(o, n). 

PaccMOTpHM HeKOTopyio TpaeKTopHK) 7(t) e Lip(o,n) (7 7^ 0) h 
BMecTe c neft TpaeKTopnio 7(]p|r~) £ Lip^;^ (o,n). Tor^a t^(7(-)) = 

IItIIlip t^(7(-))- 

9to Ha6jiiofleHHe nosBOJiaeT bbccth c HcnojibsoBanHeM roMOTCTHH 
HOBbiH 4)yHKLi,HOHaji Ha BceM npocTpancTBe Lip(o, n) 6e3 0: 

TV>(7(-)) = M^i-)) = ll7(-)llLip / t{-f,x)'i[j{x)dx. 

Jn 

9tOT 4)yHKLI,HOHajI 5IBJI5ieTC5I npoflOJi»ceHHeM 4)yHKLI,HOHajia T^(-) CO 

c4)epbi Lip^^(o, n) na npocTpancTBO Lip(o, n) \ {0}, no3BOji5iioiii,HM pac- 
CMaTpHBaTb npoHSBOJiBHbie BapHaLi,HH onTHMajiBHOH TpaeKTopHH. ripn 
3TOM MHHHMyM HOBoro 4)yHKLi,HOHajia T^{-) Ha Lip(o,n) H CTaporo T^/,(-) 
na Lip^^(o, n) \ {0} coBnaflaiOT h flocTHraiOTCfl na oflHHx h Tex >Ke Tpa- 

eKTOpHflX (c TOHHOCTbK) flO JIHHeHHOrO yCKOpeHHfl napaMeTpH3aLI,HH 3TOH 

TpaeKTopHn). Tonnee: ecjiH 7(t) e Lip(o,n) \ {0} flocTaBjiaeT MHHHMyM 
4)yHKH,HOHajia 'r0(-), to h H,ejibiH jiyn TpaeKTopHH 7 (At), A > Tax >Ke 

5IBJI5ieTC5I MHHHMyMOM 4)yHKH,HOHajia T^{-) ■ 

Onpe^ejiGHHe 3.3. Mm 6ydeM zoeopumh, umo 7(t) siGAsiemcsi onmu- 
MaAhHou, ecAU ona docmaeA^em muhumijm ^yHK%uoHaAa t^{-) na 
Lip(o,n) \ {0} u npu smoM 7 e Lip^^ (o,n). 

Tenepb mm MO>KeM BOCHOJibsoBaTbca CTanflapTHbiMH cpeflCTBaMH ho- 
HCKa MHHHMyMa: 

TeopeMa 3.1. Ecau ^it) - onmuMaAtHa^ mpaeKuiopusi, mo HuotcH^^ 
odnocmopoHH^M npouaeodnasi no Famo Heompmi^ameAhHa no Aw6oMy 
HanpaoAeHuw h{-) e Lip(o,n); 
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f^'l^m = lim^ "^'^^ ^ '":' - '*^' > 0. 



9to flocTaTOHHO TpyflHO npoBepaeMoe ycjiOBHe. Hsy^HM npocTeftniHe 
CBOHCTBa TpaeKTopHH H3 Lip(o, n) c TCM, MTo6bi BbiMjieHHTb KJiacc Tpa- 
eKTopHH, Ha KOTopoM 6bi ycjiOBHe H3 TeopeMbi (3.1) jierKO npoBepHjiocb: 

Onpe^ejiGHHe 3.4. 06o3HauuM uepes Q(7,t) = {a; e Q : t(7, a:) = t}. 

JleMMa 3.1. nycmh 7(-) e Lip(o,n) w (?yi^ neKomopozo to > c^/- 
mecmeyem Aeeasi npouaeodnasi 7(to — 0). Tozda Sam ecex x E Q(7,to) 
eunoAHenu CAedywinue coomHomeHUM ({-,■) - cmaHdapmHoe CKaAMpnoe 
npouaeedenue e W^): 

|7(to) - x\ = l] 
(a;-7(to),7(to-0)) >0. 

/J^OKasameAhcmeo. IlepBoe paBencTBO OMeBHflHO h ne saBHCHT ot najiH- 
HH5I HjiH OTcyTCTBHfl jieBOH npoH3BOflHOH 7(^0 — 0). J]f>KayKeM BTopoe 
OT npoTHBHoro: ecjiH fljia KaKoro-TO x G Q(7,to)) BbinojiHeno o6paTHoe 
HepaBencTBO, to fljia Bcex At > 



\x 



-i{U - At)|2 = 1 + 2{x - 7(to), 7(^0 - 0)))At + o(At)^ 



H Mbi nojiy^aeM npoTHBope^He c tcm, mto to - 3to nepBbift momcht 

OCMOTpa TOMKH X. D 

TaKHM o6pa30M, Q(7, t) npn t > jie>KHT b cooTBeTCTByromeft no- 
Jiyc4)epe c Li,eHTpoM b 7(t) no nanpaBjieHHio 7(t — 0). HTaK, ycjiOBHe 
TeopeMbi 3.1 npome Bcero pacmH4)poBbiBaeTC5i b Kjiacce TaKHx TpaeKTO- 
pHH, HTO Q(7, t) OTflejiena ot Kpaa btoh nojiyc4)epbi: 
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Onpe^ejiGHHe 3.5. Mm 6ydeM zoeopumt, umo donycmuMasi mpaeK- 
mopuM 7(t) e Lip(o,n) \ {0} siGAsiemcsi pezyA^pnou, ecAU ona nycouHO 
ZAadnasi: ^{t) e PC (IR+ -^ W^), u eunoAHMwmcM CAedyiow^ue ycAoeu^: 

1. /Iasi noumu ecex x G Q maKux, umo \x — o\ > 1 eunoAHsiemcsi 
HepaeeHcmeo: 



x--f{t{-f,x)),^{t±0))>a>0, (4) 

2de a - HeKomopa^ cfiuKcupoeaHnaM KOHcmaHuia; 

2. npouaeodnasi 7(t) sieAsiemcsi Jlunmuv^eeou na KaotcdoM ceoeM npo- 
MeotcymKe HenpepuGHOcmu c odnou u mou otce KOHcmaHuiou Jlun- 
iuu%a. 

YcjiOBHe |a; — o| > 1 paBHOCHjibHO ycjiOBHio t{'y,x) > 0. Mm Bcerfla 
6yfleM npeflnojiaraTb, mto Mepa TaKHx x ne paBHa - HHa^e sa^a^a 
BepoHTHOCTHoro noHCKa 6eccMbicjieHHa, h TOMKa E ne saBHCHMO hh ot 
Mero 6yfleT naftfleHa b nepBbifi >Ke momcht BpeMCHH. 

TeopeMa 3.2. nycmt ^it) ^ - pezyA^pna^ mpaeKuiopusi u T^i'j) < 
+(X). PaccMompuM eapuai^wio h{t) e PC (M_^ -^ M"); /i(0) = o u h{t) 
- ozpaHuuena. nycmt 6oAee mo20 h{t ± 0) _L 7(t ± 0) npu ecex t > 0. 
Tozda cymecmeyem deycmopoHH^^ npouaeodnasi no Famo 




~ ( \' \l.^ II II / \a^- 7(^(7, a^)),/i(*(7,a^))/ ,. . , 

^i'Klhm = -\n\\up / 7 7- r^^T- -^tl^{x)dx. 

a;-7(t(7,a;)),7(t(7,a:)) 



/JoKasameAhcmeo. JXim naMajia HaftfleM oflHOCTopoHHioio npoH3Bo;:,Hyio 
no FaTO ot ||7||Lip no npoHSBOjiBHOMy nanpaBjieHHio h{-) E PC (M_^ -^ 
M"), /i(0) = o: Tax Kax ||7||Lip = max|7(t± 0)| 7^ (nHane 7(t) = o), 
to: 
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l7l|Lipr+N= sup 



iGargmax|7(t±0)| {i{t ± 0),^{t ± 0)^ 

TaK KaK no ycjiOBHio /i(t ± 0) _L 7(t ± 0) npn jiio6om t > 0, to 
ll7||Lip'r,W=0. 

Tenepb naftfleM npoHSBOflnyio ot ^(7, x) no 7 npn 4)nKcnpoBannoM x. 
riocKOJibKy nac nnTepecyeT nponsBOflnaa bo Bcex Tonxax x E Q, sa nc- 
KjiionenneM 6biTb MO>KeT Mno>KecTBa Mepti 0, to mm MO>KeM cnnTaTb, nTO 
7(t) n h{t) fln4)4)epenn,npyeMbi b ^(7, x) (ecjin ti, . . . , t^, . . . - nx Tonxn 
ne rjiaflKOCTH, to no jieMMe 3.1 Mno>KecTBO (^(7, ti) U . . . U 0(7, tn) U . . . 
HMeeT Mepy 0). 

riponsBOflnafl ^(7, a;)p paBna fljia nonTn Bcex x E ^(7, 0). IlycTb 
^0 = ^(7, 3;) > 0. 06o3nannM ti = ^(7 + A/i, x). Tor^a ti onpe^ejieno fljia 
Bcex flocTaTonno Majibix An |ti — to| -^ npn jiio6om x E Q, pannoMepno 
no A B cnjiy peryjiapnocTn 7(-). 

rio TeopeMe Jlarpan>Ka o cpe^neM ananennn (cm. [7]): 

= |a; - 7(ti) - A/i(ti)p - \x - 7(to)P = 

{\x- 7(ti)|2 -\x- 7(to)|2) - 2X{x - 7(ti), /i(ti)) + A2|/i(ti)|2 = 

-2(x - 7(t),7(t))(ti - to) - 2A(a; - 7(ti), /i(ti)) + A2|/i(ti)|2, 

rfle t jie>KnT Me>Kfly to n ti. Tax KaK (a: — 7(t),7(t)) > 2^; > 
B6jin3n to, Mbi nojiynaeM, nTO 

, , _ (x-7(tl),fe(tl)) , ,2 |fe(tl)P ,,> 

' °" N--7W.7W) + (.-7(i),7(i))- '' 

HTaK, fljifl nonTn Bcex a: e Q TaKnx, nTO t{'y,x) > Bepno paBen- 

CTBO: 



*(7.x)'rlftl= ^--7(*o).M*o 



3^-7(^0), 7(^0) 
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Bojiee Toro, HanHcaHHaa 4)opMyjia Bepna h b cjiy^ae t(7, a:) = 0, Tax 
KaK h{0) = o. 

TaK KaK 7(t) peryjiflpna, to 7(t) h 7(t) CTpeMHTca k 7(to) h 7(to) 
paBHOMepHO no A na MHO>KecTBe Bcex tohck flH4)4)epeHLi,HpyeMOCTH 7(t). 
YHHTbiBafl orpaHHneHHOCTb /i(-), h3 (5) nojiynaeM, hto cymecTByeT Ta- 
Koe Ao, MTO fljifl Bcex < A < Aq flpo6b ^^^^ orpanHHena: 



ti — to 



|/i(to)| + Ao|/i(to)P ^ 1 + Aosup|/i(t)| 
< z < 2 sup|/i(tj| 



A 
To ecTb fljifl Bcex a; h A 

t(7 + A/i, a:) — t(7, a:) 



< const. 
A 

TaK KaK il)[x) HHTerpnpyeMa na Q, to no TeopeMe Jle6era (cm. [1]) 
Mbi MO>KeM nepenTn k npe^ejiy nofl snaKOM nnTerpajia: 



,. ^//^, I ^a;-7(t(7,a:)),/i(t(7,a;))^ 

t(7,a;)V'(a:)G?a; =- / ^ — — V'(a;)c/a:. 

'f] (a:-7(t(7,a:)),7(t(7,a;))) 
vf] / r+ 

riojiynnBmaflCfl nponsBOflnaa jinnenna no /i(-), snannT, cyn],ecTByeT 
flBycToponnflfl nponsBOflnaa no FaTO, nTO n Tpe6oBajiocb. 

D 

EcTecTBenno, npnivrenenne flannon TeopeMbi ocMbicjienno tojtbko b 
cjiynae n > 2. 

Cjie^CTBHe 3.1. Ecau 7(-) u h{-) ydoGAemeop^wm ycAoeu^M npedu- 
dyw^eu meopeMU u 7(-) e Lip^^(o,n) - onmuMaAhHasi mpaeKmopusi 
(jHUHUMyM ^yuKv^uoHaAa t^{-)), mo 
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x-j{t{^,x)),h{t{^,x))^ 

ip[x) ax = (J. 



^ ,a:-7(t(7,a;)),7(t(7,a:)) 

HTaK, Tenepb y nac b pacnop5i>KeHHH ecTb CHjibHoe cpeflCTBO no noHC- 
Ky peryjiflpnoH onTHMajibHoft TpaeKTopHH. PaccMOTpHM ceMeftcTBO npo- 
CTeftmHx BapHaLi,HH hs{t): 3a4)HKCHpyeM neKOTopbift momcht BpeMenn 
to > H onpeflejiHM ge{t) KaK nrojiKy na OTpesKe [to; to + e]: 

{0 , ecjiH t G [0, to]; 
^ , ecjiH t e [to;to + £]; 
, ecjiH t e [to + £] +cxd). 

riojIOJKHM /ie(t) = gs{t)^'^{t), TflC 7"^(to) - 3TO npOHSBOJIBHblH BGK- 

Top, nepneHflHKyjiflpHbiH 7(to + 0), a 7"^(t) - ero nenpepbiBHoe npofloji- 
>KeHHe B npaByio OKpecTHOCTb to TaKoe, hto 7"^(t) -L 7(t). Tor^a 



J (a;-7(t(7,a;)),7(t(7,a;))) 



{xen:t{j,x)>to+£} 

riepexoflfl K npeflejiy npn e ^ nojiynaeM: 

'a;-7(t(7,a;)),7^(to) 



{xe^:t{^,x)>to} 

HjiH no-flpyroMy: 



a;-7(t(7,a:)),7(t(7,a:)) 



tlj{x) dx = 0, 



7^(to), f -, "^ ^(^(^'.^)) -^[x)dx)=^, 

J (a;-7(t(7,a;)),7(t(7,a;))^ 

{a;Gf]:t(7,x)>to} 
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HanHcaHHoe paBencTBO Bepno fljia jiio6oro HanpaBjienHH 7"^ (to), nep- 
neHflHKyjiflpHoro 7(to + 0). AHajiorHMHbie paccy>KfleHH5i Bepnbi h fljia 
BeKTopa 7(to — 0). HTax: 

JleMMa 3.2. Ecau 7(t) - onmuMaAtHa^ pezyA^pna^ mpaeKuiopusi, mo 
6 Aw6ou MOMenm epeMenu to > eeKuiopa 



%o ± 0) « / "" 7(t(7,^)) ^^^^ ^^ 

J (a:-7(t(7,a;)),7(t(7,a:))) 

{xGf]:t(7,x)>to} 

napaAAeAhHM. 

Tenepb mbi totobbi k TOMy, mto6bi nocTpoHTB flH4)4)epeHLi,HajiBHyio 
CB5I3B, onpeflejifliomyio onTHMajiBnyio TpaeKTopnio: 

TeopeMa 3.3. nycmt 7(t) - onmuMaAtHa^ pezyA^pna^ mpaeKuiopusi. 
Ecau eeKuiop-^yHKii^usi 



F{t)= J i^x-^{t{^,x))ji[;{x)du; (6) 

Henpepuena not na HCKomopoM npoMeotcymKe [ti,t2] (did o6o3Haua- 
em cmandapmHyw cf)opMy o6neMa na edunuuHou ccf)epe) u J^ F{t) dt 
He o6painaemcM e npu to e [ti; t2], mo 7(t) na smoM npoMeotcymKe sie- 
A^emcM HamypaAhHou napaMcmpusa'nueu neKomopou Kycouno-ZAadKou 
Kpueou 7(5), ydoGAemeopMTOineu CAedymw^eu du^^epemi^uaAhHou cesiau: 

i' {s) = u{s)\-f'^{s)\ I {x --f{s{-f,x)))ip{x)duj, (7) 

2de u{s) = ±1 - KycouHO-nocmoMHHa^ ^yHK%usi. BoAee mo20, u{s) 
MODtcem usMeHumt anan moAtKO e Aeeux uyA^x F{t) (mo ecmt F{t) = 
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u F{t — 0) 7^ 0^. TouKU He ZAadKocmu 7(5) coenadawm c nepeKAWue- 
HusiMU u{s) u npu smoM 7(5 — 0) = —7(5 + 0). 

/J^OKasameAhcmeo. ripeflCTaBHM cooTHomeHHe h3 jieMMbi 3.2 b nanGojiee 
npneMjieMOM BHfle: BBe^eM na MHO>KecTBe {a: G Q : t(7, x) > 0} HOBbie 
KOopflHHaTbi: X = x{t,uj), rfle t = t{'^,x) - nepBbift mombht BpeMenn 

OCMOTpa TOMKH X , & CO - Ha6op paBHOMepHblX KOOpflHHaT Ha nOflMHO>Ke- 

CTBe Q(7, t) cooTBeTCTByromeft eflHHHHHoft nojiyc4)epbi. Ha6op KOopflH- 
HaT {t,uj) He Bbipo>KfleH, Tax KaK MHO>KecTBO Q(7,t) OTflejieno ot Kpaa 
nojiyc4)epbi b CHjiy peryjiapnocTH 7(t). 

ECJIH 7(t) 5IBJI5ieTC5I OnTHMajIBHOH, TO OHeBHflHO, HTO |7(t ± 0) | = 

const fljifl Bcex t > 0. Tax KaK 7 e Lip^^(o, n), to |7(t±0)| = 1. TaKHM 
o6pa30M 4)opMbi o6T.CMa CBHsaHbi cjieflyromHM o6pa30M: 



dxi A ... A dxn = (x — ^{t),^{t))dt A dcoi A ... A duJn-i- 
H Mbi nojiynaeM, hto 

a:-7(t(7,a:)) 



/ 



^a:-7(t(7,a;)),7(t(7,a:)) 

{xGf]:t(7,x)>to} 



■0(3:) (ia; 



+00 

/ / {x — ^{t{^,x)))tlj{x) dt A did, 

to f](7,t) 

rfle fljifl KpaTKOCTH dcj = (icJi A . . . A duOn-i - CTaHflapTHaa 4)opMa 
o6T.eMa Ha eflHHHHHoft c4)epe. 

CMeHHM HapaMeTpH3aH,HK) 7(t) Ha t = ^(s), r^e t{s) mohotohho bo3- 
pacTaeT. Tor^a ^'g{s) = ^[{t{s))t' {s) , h t'{s) = |7s(5)|. CMenoft napa- 
MeTpH3aH,HH Mbi MCHfleM fljiHHy BCKTopa 7s(s), HO HC ero HanpaBjieHHe, 
rioBTOMy Bcerfla mo>kho flo6HTbC5i tohhofo paneHCTBa 
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7'(so + 0) = -w(5o) / / {x - -f{s{j,x)))\-f'g{s)\ilj{x)ds Aduj, (8) 

so n{j,s) 

rfle u{s) = ±1 KycoMHO nocTOHHHafl 4)yHKLi,H5i pasHaa —1 ecjiH BeK- 
Topbi B jieMMe 3.2 conanpaBjieHbi h 1 b npoTHBHOM cjiy^ae. /]^H4)4)epeH- 
ii,Hpy5i (8) no So b CHjiy nenpepbiBHOCTH F[t) nojiynaeM nyjKHoe flHcJ)- 
4)epeHLi,HajibHoe ypaBnenHe. 

OnpeflejIHM, B KaKHX CHTyaLI,H5IX 4)yHKLI,H5I u{s) MO>KeT HSMeHHTb 

+00 

3HaK B TOHKe sq: TaK KaK HH 7(t) HH J J yx — ^(t{j,x)))ilj{x)dtAduj 

to Q{-f,t) 

He o6paiii,aiOTC5i b 0, to u{s) MenHiOT snaK tojibko b Tonxax ne rjiaflKO- 
CTH 7(t). 9to osnanaeT, hto 7(to + 0) = —7(^0 — 0), h, snanHT, b CHjiy 
peryjiflpnocTH 7(-), b TenenHe neKOToporo BpeMenn nocjie to nrpoK P 

OCMOTpHT JIHIUb MHOJKeCTBO Mepbl HOJIb, TO eCTb F(to + ff) = flJIfl BCeX 
MajIblX £. 

D 

SaMGMaHHe 3.1. B meopcMe 3.3 anan u{s) 6M6upaemcM CAedymw^UM 
o6pa30M: u{s) = — 1 ecAU eeKuiopu e acmmc 3.2 coHanpaeAenu, u u{s) = 
1 6 npomuGHOM CAyuae. 

SaMGMaHHe 3.2. nycmt S{'y) - smo MOMenm OKOHuanu^ noucna no 
mpaeKuiopuu 7(5). Tozda U3 cf)opMyAM (8) CAedyem, umo 

lim |7'(5)| = 0, 

2de 7(5) - 31710 napaMempuaaVfUM onmuMaAtHou mpaeKuiopuu U3 
meopeMU 3.3. 
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SaMGMaHHe 3.3. Ecau KaKUM-mo o6pa30M ydaAoch nocmpoumt peme- 
Hue 7(5) ypaeneHUM (7), mo onmuMaAhHasi mpaeKuiopu^ ^[t) naxodum- 
CM docmamouHO aczko: 7(t) siGAsiemcsi HamypaAhHou napaMempuaav^ueu 
Kpueou 7(5). 

4 BepoaTHOCTHbiH noncK na chjibho BbinyK- 
jibix MHo:acecTBax 

npe>Kfle MCM npHCTynaTb k HsyMenHio onTHMajibHbix TpaeKTopHft b koh- 
KpeTHbix cjiy^aflx, flOKa»ceM eme necKOjibKO Ba>KHbix jicmm: 

Onpe^ejiGHHe 4.1. nycmt ^{t) - neKomopa^ donycmuMasi mpaeKuio- 

PUM. IIoAODtCUM 

T{-f) = inf{t > : / t(7, x)i;{x) dx = 1}. 

J {xGf]|t(7,x)<i} 

To ecmh T{^) - smo MOMenm OKOHuanu^ noucna. BydeM cuumamh, 
Huio T['j) = +00, ecAU epeMSi noucna 6ecKOHeuHoe. 

JleMMa 4.1. nycmh 7(-) e Lip^^(o, n) - onmuMaAtHa^ mpaeKuiopusi 
(eoaMODtcHO we pezyA^pHa^). TIpednoAODtcuM umo e meuenuu epeMCHU 
t e [to;^i] (npu ti < T{^)) mpoK P ocMompeA MHOotcecmeo Mepu 0; 

^\ U ^(^'*)) =0' 

Kto<t<h ) 

mozda npu t e [to;ti] mpaeKuiopusi ^{t) sieAsiemcsi npsiMOAUHeuHUM 
deuDtcenueM c nocmo^HHOu CKopocmhw. 

/^OKasameAhcmeo. IlpoBefleM flOKaaaTejibCTBO ot npoTHBHoro: ecjiH ^bh- 
>KeHHe no 7(t) na [to;ti] ne 5iBji5ieTC5i npflMOjiHHeftHbiM c nocToaHHoii 
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CKopocTbK) 1, TO TpaeKTopHK) ^(t) M05KH0 HOflnpaBHTb cjieflyioiii,HM 06- 
pasoM: flBH>KeHHe no 7(t) b tohhocth coBna^aeT c flBH>KeHHeM no 7(t), 
3a ncKjiionenneM npoMe>KyTKa [7(^0), 7(^1)] - na neM flBn>Kenne 7(t) 
5iBJi5ieTC5i npHMOjinnennbiM c nocToannon CKopocTbio 1. lis nocTpoenna 

cjieflyeT, nTO ||7||Lip = IItIIlip = 1, t{7,x) < t(7, a;), n, 6ojiee Toro, ecjin 
tiljx) > ti, TO t(7, a;) < t(7, a:). Tax KaK ti < ^(7), nojiynaeM, nTO 
^"^(7) ^ ^i^i^)- HpoTnBopenne. D 

JleMMa 4.2. nycmt 7(t) e Lip^^ (o,n) - onmuMaAhHasi mpaeKuiopusi 
(eosMODtcHO He pezyA^pHa^). Ecau Sam neKomopozo to e (0,T(7)) c^/- 
mecmeyem 7(^0 + 0) 7^ 0, mo naudemc^ a; e Q maKou, umo t(7, a;) > to 
w (a:-7(to),^(to + 0)) > 0. 



/J^OKasameAhcmeo. PaccMOTpnM flBa npHnn,HnHajibno pasntix cjiynaa: 
fljifl jiio6oro ti > to 3a BpeMH to < t < ti nrpoK P ocMaTpnBaeT Mno- 
>KecTBO nenyjieBoii Mepti; n cyn],ecTByeT ti > to TaKoe, nTO sa BpeMH 
to ^ t < ti nrpoK P ocMOTpnT jinnib Mno>KecTBO Mepti 

PaccMOTpnM nepBbiH cjiynan: nycTb ti > to n a: G Q TaKon, nTO 
t(7, a;) > to- Torfla \x — 7(ti)| = 1 n |a; — 7(t)| > 1. SnannT, 

0< |a;-7(ti)|2-|a;-7(t)|2 = -(a:-7(to),7(*o + 0))(ti-to)+o(ti-to) 



TaKHM o6pa30M (a: — 7(to),7(to + 0)) > ecjin ti — to flocTaTonno 
Majio. noKa>KeM, nTO naftflyTCH x Taxne, nTO bto nepaBencTBO npeBpa- 
n],aeTC5i b CTporoe: Mepa Mno>KecTBa ToneK x b KOToptix flocTnraeTCH 
Tonnoe paBencTBO paBna 0, n sa BpeMH to < t < ti nrpoK P ocMOTpeji 
Mno>KecTBO nenyjieBOH Mepti. 

riepenfleM ko BTopoMy cjiynaio. IlycTb ti - MaKcnMajibntin MOMenT 
BpeMenn TaKon, nTO 3a BpeMH to < t < ti nrpoK P ocMOTpeji jinnib Mno- 
>KecTBO Mepbi (ti y^ +CXD, TaK KaK to < T(7)). Corjiacno npeflbiflyn^en 
jieMMe, flBn>Kenne ot to flo ti npHMOjinnenno c nanpaBjienneM 7(to + 0), 
TO ecTb 7(ti) = 7(to) + 7(to + 0)(ti - to). 
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TaK KaK ti - MaKCHMajibHbiH, to fljifl jiio6oro e > naftfleTCfl x E Q. 
TaKOH, MTO \x — 7(ti)p < 1 + £ H t{^,x) > ti- Torfla fljia e = |7(to + 
0)p(ti — to)^ nojiy^aeM 

1 + |^(to + 0)|2(ti - to)' >\x- 7(ti)|2 > 
1 - 2(a: - 7(*o),7(*o + 0))(ti - to) + |7(to + 0)\\ti - uf . 

To ecTb (a: — 7(to), 7(to + 0)) > 0, mto h Tpe6oBajiocb. 

D 

PaccMOTpHM Tenepb cjiyMaft chjibho sbinyKjioro mhojkcctbo Q (cm. 
181): 

Onpe^ejiGHHe 4.2. MHOotcecmeo Q C M" Haaueaemcsi cuAhHO eunyn- 
AUM paduyca R, ecAU oho eunynAO u Sam aw6mx deyx moueK x,y E ^ 
nepeceuenue ecex mapoe paduyca R codepDtcaw^ux x u y Aeotcum e Q,. 

riycTb Q C M" - cHjibHO BbinyKjioe MHOJKecTBO c pa^HycoM BtmyK- 
jiocTH 1 (paflHyc BbinyKjiocTH coBna^aeT pa^HycoM o6jiacTH bh^hmocth 
HrpoKa P). B 3TOM cjiy^ae jih6o Q orpanHMeno h ero flHaMCTp Q ne 
6ojibme 2, jih6o Q coBna^aeT c M". Hac 6yfleT HHTepecoBaTb cjiynaH 
orpaHHMeHHoro Q, Tax KaK ecjiH Q = M", to hh o^na TpaeKTopna ne 
5iBJi5ieTC5i peryjiflpnoH (nepaBeHCTBO (4) saBe^OMO HapymaeTCfl). 

MHO>KecTBO Q Bcerfla saMKHyTO, b BH^y Toro, mto Q - bto HOCHTejib 
4)yHKLi,HH '0(")- ^ ~ Supp-?/;. 

JleMMa 4.3. Ecau Q C M.^ - KOMnaKuiHoe cuAtno eunynAoe MHOotce- 
cmeo c paduycoM eunyKAOcmu 1, u 7(t) - pezyA^pna^ mpaeKuiopusi, mo 
Bi[i{h)) n Q C 5i(7(ti)) n Q dAsi aw6mx < to < ti < T{^) (Bi{x) 
- 31710 eduHUHHUu map c yenmpoM e mouKe x). 

/J^OKaaameAhcmeo. IIojio^khm 
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to = supjt > : Bi{^{ti))nn C Bi{^{t2))nn Vti < ta; ti, t2 e [0;t]}, 

MHO>KecTBO B npaBOH MacTH paBCHCTBa He nycTO, Tax KaK coflep>KHT 
t = 0. TaK>Ke o65i3aTejibHO naftfleTCfl x E Q. (cm. pnc. 4), TaKoft, mto 

(?/ ~ 7(^0)57(^0 + 0)) ^ Oh |a; — 7(^0) | = 1 (ecjiH TaKoro x hgt, to 
OKpecTHOCTb HH>KHeH nojiyc4)epbi ne jie>KHT b Q b CHjiy saMKHyTOCTH Q, 

H, 3HaMHT, to He MaKCHMajIBHo). 

noKa>KeM, HTO to > ^(7)- ripeflnojiojKHM npoTHBHoe, Tor^a corjiacHO 
jieMMe 4.2 cymecTByeT ?/ TaKoft, hto (^y — 7(to),7(to + 0)) > n \x — 
7(to)| > 1. Torfla b CHjiy chjibhoh BbinyKjiocTH Q HaftfleTCH Taxaa TOHKa 
z e Q, HTO (z — 7(to),7(to + 0)) = Oh \z — 7(to)| = 1 h ycjiOBne 
peryjiapnocTH (4) napymaeTCH fljia TO^eK h3 OKpecTHOCTH tomkh z (cm. 
pHC. 4). n 



Cjie^CTBHe 4.1. Uycmb Q C M"^ u 7(t) 
1/3 npedudymeu acmmm, mosda d,fisi ecex t G 
(0;T(7)) eunoAHCHO coomHomenue 

Q(7,t) = (95i(7(t)) nQ. 

Cjie^CTBHe 4.2. IIpednoAODtcuM, nmo p[o^Vt) < 
1. E'cyiw nAomHocm'b eepoMUHOcmu ijj{x) 
nenpepuGHa na Q, mo eeKmop-(fiyHK%usi 




m 



[x — 7(t(7, x)))iIj{x) duj 



f](7,t) 



Phc. 4: HjijiiocTpaitHa k 

npOTHBOpeHHK) B JieMMB 4.3. 



Henpepuena npu ecex t G (0;T(7)) (duj - cmaHdapmHaji Mepa na 
eduHUHHOu c(f)epe S"^'^ , a Q = Supp ■?/;(•) u 7(t) U3 aemmu 4-3)- 
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JleMMa 4.4. nycrrih Q, - smo map e W^ paduyca we 6oA'hiue 1, a (fiyuK- 
%UM tp{x) Henpepuena naO, u aaeucum moAhKO om paccmosiHusi do iJi^eH- 
mpa mapa Q ^ uau Q - smo UAOCKoe, KOMuaKuiHoe, cuAtHO eunyKAoe 
MHODtcecmeo e M? paduyca we 6oA'buie 1, a ip^x) MeAMemcM nocmoMHHOu 
<^yHK%ueu Ha Q. Ecau p{o^Vt) < 1, mo hu eeKmop-cf^ynKV^UM F(to) ww 
unmezpaA J^ F{t) dt we o6pam^awmc^ e npu ecex to e (0;T(7)). 



JJ^OKasameAhcmeo. PaccMOTpHM cnaMajia cjiy- 
Maft p(o, Q) < 1. Hs cjieflCTBHfl 4.1 bhaho, 

MTO n(7, t) 5IBJI5ieTC5I CerMeHTOM eflHHHMHOH 

c4)epbi 5*"^"^ c Li,eHTpoM b 7(t), a rpaHH- 
Li,a (9Q(7, t) - 9TO c4)epa Menbiiiero paflny- 
ca pasMepHOCTH n — 2. JlerKO BH^eTb, mto 
B o6oHx cjiy^aflx (Q - map b M" hjih chjib- 

HO BbinyKJIOe MHO>KeCTBO B M ) BCKTOp F(t) 

B CHjiy CHMMCTpHH nepneHflHKyjiflpeH rnnep- 
njTOCKOCTH, coflep>Kaiii,eH (n-2)-MepHyK) c(\)e- 
py (9Q(7, t) (cm. paBencTBO (6)). 

ECJIH 4)yHKLI,H5I l/j^x) nOCTOHHHa Ha CBO- 

eM HOCHTejie Q: 'i(j[x) = i/jq > 0, to fljinna F[t) paBHa fljinne OTpesKa, 
orpaHHMeHHoro O-Mepnoft c4)epoH (9Q(7, t) yMHO>KeHHOH na ipQ, h, cjie- 
flOBaTejiBHO, BCKTop F (t) He o6paiii,aeTC5i b npn Bcex t e (0;T(7)). 

EcjiH >Ke Q - 3TO map b M" h 'iJj[x) CHMMeTpHnna OTHOCHTejibHO Li,eH- 
Tpa Q, TO 'il)[x) y^ fljifl noMTH Bcex a; G Q(7, t) (nnaMe 6bi b CHjiy nenpe- 
ptmHOCTH H CHMMCTpHH 4)yHKLi,HH '0(a;) OTHOCHTejibHO H,eHTpa mapa Q, 

MHO>KeCTBO Q. He MOrjIO 6bl GbITB HOCHTCJICM (|)yHKH,HH 'ijj[x)). CjieflOBa- 

TCJiBHO, BCKTop F (t) TaK^KC HC o6pam,aeTC5i B npn Bcex t e (O; T(7)). 
SaHMCMCfl TCHcpb HHTcrpajiOM J^ P{t) dt: HOKajKeM, HTO cym,e- 

CTByCT TaKOH BCKTOp V^ HTO 




Phc. 5: HoHCK Ha chjibho bm- 
nyKjiOM MHOJKecTBe. 



^To ecTb 4'{x) = tl}{p{x, O)), r^e O - sto ijeHTp mapa Vl. 
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[v, F{t)) > fljifl Bcex t e (0; T{^)). 

riycTb Q - npoHSBOJibHaa TOMKa h3 Q(7, T(7)) ^. Tor^a BCKTop c 
HaMajiOM B 7(0) H KOHLi,OM B Q npH J11060M t e (0;T(7)) nepecexaeT 
ceKTop c4)epbi Q(7, t), orpaHHMeHHbift c4)epoH (9Q(7, t) (cm. pnc. 5). B 
Ka^ecTBe v mo>kho Bbi6paTb btot BCKTop. 

HTaK, J^ F{t) (it 7^ npH Bcex to E (0;T(7)), Tax KaK 




F{t)dt) > 0. 
to ' 

EcjiH >Ke /5(o, Q) = 1, TO onHcaHHoe Bbime paccy>KfleHHe npoxoflHT 

fljifl Bcex At e (0; ^(7)), to cctb F(to) 7^ h /^ F(t) dt ^ fljia Bcex 

to G (At,T(7)). B CHjiy npoHSBOjiBHOCTH At nojiy^aeM hckomoc. 

D 

Cjie^CTBHe 4.3. B ycAoeu^x npedudyw^eu acmmu ^yHK%usi u{s) U3 
meopeMU 3.3 siGAsiemcsi nocmo^HHOu. OnpedeAUM anan u{s): oueeudHO, 

Htno 7(T(7) — At) conanpaeAena Jrp}^!_^^F{t) dt. SHaHum, (cm. saMC- 

uanue 3.1), 



uis. 



1, dAM ecex s G (s(0); s(T{^)) j . 



TeopeMa 4.1. nycmt Q = Supp ■?/;(•) - smo map e M" paduyca we 6oA'b- 
me 1 u cf)yHKVfUM ip [x) nAomnocmu eeposujiHocmu eosMOOtcHozo pacnoAO- 
QtceHUA mouKU E Henpepuena naO, u aaeucum moAhKO om paccmosiHusi 
do %eHmpa ccfjepu Q: il){x) = '0(yo(a;, 0(Q))) fO(Q) o6o3HaHaem %eHmp 
mapa Q,). Tozda onmuMaAtHa^ mpaeKuiopusi ^it) npedcmaeA^em co6ou 
np^MOAUHeuHoe deuotceHue c nocmo^HHOu CKopocmhw e v^eHmp mapa 
Q. 



^Ha caMOM ^ejie, ecjiH pa^nyc BbinyKJiocTH fJ CTporo Menbine 1, to MHOJKecTBO n(jj,T(j)) 

COCTOHT H3 O^HOH TOHKH. 
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/J^OKasameAhcmeo. PaccMOTpHM cnaMajia cjiyMaft /)(o, Q) > 1. Tor^a no 
jieMMe 4.1 HrpoK P flOji>KeH flBHraTbca npflMOjiHHeftHO c nocTOHHHoft 
CKopocTbK) B oflHy H3 TOHCK X TaKHx, HTO p[x , Q) = 1. MaTeMaTHHecKoe 
o>KHflaHHe BpeMeHH noHCKa oflnnaKOBO npn CTapTe h3 Bcex TaKHx tohck 
X, HTO p[x,Q.) = 1. SnanHT, HrpoK P flBH>KeTC5i B 6jTH>KaHmyio TaKyio 
TOHKy, TO ecTb TOHHO K Li,eHTpy mapa Q. 

riycTb Tenepb p[o, Q) < 1. B 3tom cjiynae mbi MO>KeM npHMenHTb 
TeopeMy 3.3 (corjiacno cjieflCTBHio 4.2 h jieMMe 4.4 nama CHTyaLi,H5i yflo- 
BJieTBopaeT ycjiOBHHM TeopeMbi). HTaK 7(t) - bto naTypajiBHafl napa- 

MeTpH3aLI,H5I KpHBOH 7(5) TaKOH, HTO 



7"(5) = A(7(5))|y(5)|(7(5)-0(Q) 

rfle 0(Q) - Li,eHTp Q, a A(-) - HeKOTopaa nojio>KHTejibHO SHannafl 
4)yHKLi,H5i, A : M."" -^ M.^ (cm. paBencTBa (6) h (7)). TaKHM o6pa30M, 
ycKopeHHe y{s) Bcer^a nanpaBjieno h3 Li,eHTpa c4)epbi 0(Q). Cjieflo- 
BaTejiBHO, MOflyjib cocTaBjiflromeft CKopocTH 7'(s), nepneHflHKyjiHpHoft 
paflHyc-BCKTopy 0(^)7(5), ne H3MeH5ieTC5i c TenenHeM BpeMenn, ho co- 
rjiacHO 3aMeHaHHio 3.2 hmccm 

lim 17(5)1 = 0. 

s-^S{j)-0 

SnanHT, CKopocTb 7^(5) Bcerfla nanpaBjiena b Li,eHTp c4)epbi 0(Q). 
Mto h Tpe6oBajiocb. D 

rioCTpOHM MHO>KeCTBO Q* , flBOHCTBeHHOe K MHO>KeCTBy Q: Q* COCTOHT 

H3 TaKHx X, HTO fljifl Bcex ?/ G paccTOflHHe p[x, y) ne npeBOCxoflHT 1: 

Q* = {a: e M^ : p(a:, y) < 1 Vy e Q} 

Us JII060H TOHKH MHO>KeCTBa Q* HrpOK P BHflbT BCe TOHKH MHO>Ke- 

CTBa r2. 
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TeopeMa 4.2. nycmt ^yHK%usi ijj[x) = iJjq > {) nocmo^HHa na Q, = 
Supp^(-), u Q, - 31710 HAOCKoe cuAhHO GunyKAoe MHODtcecmeo padu- 
yca He 6oA'biue 1. OnpedeAUM Sam aw6ou uiohku x ^ Q,* maKou, umo 
p{x, Q) < 1 dee ^yHK%uu: lix) u r{x) - smo uiohku nepeceuenu^ zpanu- 
'Hu (9Q c eduHUHHOu OKpyotcHocm'b'io c i^eHmpoM e x ^^. Ecau p{o, Q) < 
1, mo onmuMaAhHasi mpaeKuiopusi 7(t) siGAsiemcsi HamypaAtHou napa- 
MempusaVfUeu npueou 7(5), ydoGAemeopMow^eu CAedymw^eMy odnopod- 
HOMy ducf^cf^epemifUaAhHOMy ypaeneHuw: 

Y{s) = -W{s)\A{^{s))V{^{s)), (9) 

2de K03cf)cf)mifUeHm A(P) aadaemcsi CAedymw^eu cf)opMyAou: 



,- [riP] - P]liP) - P] 



a eeKuiop V{P) - CAedymw^eu: 

V{P) = r{P) + l{P) -2P. 

/J^OKasameAhcmeo. CorjiacHO cjieflCTBHio 4.2 h jieMMe 4.4 paccMaTpn- 
BaeMafl sa^a^a onTHMajibHoro BepoHTHOCTHoro noHCKa yflOBjieTBopaeT 
ycjiOBHHM TeopeMbi 3.3 o napaMeTpnaai^HH onTHMajibHofi kphboh. IlpH- 
MeHHM ee. 

J^Jisi HaMajia naftfleM F[t) h3 TeopeMbi 3.3: Tax KaK 0(7, t) - bto flyra 

OKpy>KHOCTH C LI,eHTpOM B 7(t), TO HO CJieflCTBHK) 4.1 TOMKH l[x) H r{x) 
- KOHLI,bI 3TOH fly PH. TaKHM o6pa30M, 

p,,, , Hijt)) - im))\ (rjmnmm ^,,\ ,,^, 



^"TaK KEK Q, - CHJibHO BbinyKJioe MHOJKecTBO pciflHyca He 6ojibme 1, to ero nepeceHenne c jiio6oh 
OKpyjKHOCTbK) pEmHyca 1 jih6o nycTO, jih6o asjineTCn flyroU SToii OKpyjKHOCTH. CooTBeTCTBenHO, 
l(x) H r{x) - KOHiibi SToii AyrH. Bojiee Toro b CHJiy CHMMeTpHH ypaBHenHii 9 neBajKHO, KaKoii h3 
KOHijOB AyrH o6o3HaHHTb 3a l{x), a KaKoii 3a r{x). 
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To ecTb F[t) - 3TO BeKTop fljiHHbi |r(7, (t)) — /(7, (t))|, napajijiejib- 
Hbift BeKTopy r(7(t)) + /(7(t)) — 27(t) (4)opMyjia (10) cjieflyeT nanpflMyio 
H3 onpeflejieHHfl F[t) b TeopeMe 3.3). 

ripeoGpasyfl 4)yHKLi,Hio i^(t), no TeopeMe 3.3 nojiynaeM HCKOMoe ypaB- 
HeHHe. n 

J^Jisi ToneK X G Q.* 4)yHKLi,HH l[x) H r{x) He onpeflejieHbi. OflnaKO 

eCJIH B KaKOH-TO MOMeHT BpeMeHH 7(5) E n*, TO nOHCK OKOHnen. 

Pa36epeMC5i c HanajibHbiMH ycjiOBHHMH: HanncaHHoe ypaBnenHe (9) 
5iBJi5ieTC5i ypaBHeHHeM BToporo nop^flKa. IlepBoe HanajibHoe ycjiOBHe 
oneBHflHo: 7(0) = o. Co BToptiM necKOjiBKO xy>Ke. Ero mo>kho naftTH 
H3 cjieflyiomHx coo6pa>KeHHH: 



1. CorjiacHO saMenaHHK) 3.2 HMeeM 



lim 17(5) I = 0. 

s->S{-f)-0 




2. EcjiH paflHyc BbinyKjiocTH Q CTporo 

MeHBLUe 1, TO MHO>KeCTBO Q(7, T(7)) 
COCTOHT H3 eflHHCTBeHHOH TOHKH Q G 

dQ. npeflnojio>KHM, hto rpaHHLi,a dQ 
rjiaflKafl b OKpecTHOCTH tohkh Q. To- 
rfla rpaHHLi,a (9Q* rjiaflKaa b OKpecT- 
HOCTH TOHKH Q* = ^(T['~f)), H Kaca- 
TejiBHbie K rpaHHLi,aM b bthx Tonxax 
napajijiejiBHbi flpyr flpyry h nepnen- 

flHKyjIflpHbl BeKTOpy Q*Q. OneBHflHO, 

HTO BeKTop 7(t) npH t -^ ^(7) ~ CTpeMHTca K BeKTopy, na- 
pajijiejiBHOMy Q*Q, h, cjieflOBaTejibHO, nepneHflHKyjiHpHOMy Kaca- 
TejiBHOH K rpaHHLi,e (9Q* b TOHKe Q*. 



Phc. 6: CxeMaTHHHbiii h3o6- 
pajKenne onTHiviajibHoro noHC- 



Ka Ha sjiJiHnce. 
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K co>KajieHHio ypaBHeHHe (9) nojiyMaeTca flOBOjibHO cjio>KHbiM fla>Ke 
fljifl npocTeftmero cjiy^afl, Kor^a Q - Bjijinnc. OflnaKO, jierKO nocTpo- 
HTb KaMecTBeHHyio TonojiorHio pemenHft SToro ypaBHenHH (cm. pnc. 6). 
TaK»ce OHO 6e3 oco6oro Tpy^a noflflaeTca np6jiH>KeHHOMy HHCJieHHOMy 
pemeHHK) na 9BM. 

5 TeopeMa cymecTBOBaHHa 

BBeflCM Ha npocTpancTBe Lip<^ (o,n) ceKBeHLi,HajibHyio Tonojiornio (cm. 
[9, 10]): 

Onpe^ejiGHHe 5.1. Mm 6ydeM zoeopumt, umo nocAedoeameA'bHocm'b 
mpaeKuiopuu 7n(") £ Lip<^(o, n) cxodumcsi k neKomopou 7(-) e 
Lip<^ (o,n) ecyiw wa aw6om kohchhom npoMeotcymKe [0; a] mpaeKuiopuu 
7^(-) cxod^mcM ^ 7(") paenoMepHO. 

Xaycflop4)OBOCTb nojiyHHBmerocH TonojiorH^ecKoro npocTpancTBa cjie- 
flyeT H3 OMeBHflHOH eflHHCTBeHHOCTH npcflcjia. 

JleMMa 5.1. IIpocmpaHcmeo Lip<^(o, n) KOMnaKuiHO omHocumeAtHO 
6u6paHH0u monoA02uu. 

/^OKaaameAhcmeo. Jlio6a5i TpaeKTopna 7(-) G Lip<^(o, n) na jiio6om ko- 
He^HOM OTpesKC [0, a\ BBH^y JlnniuHBOCTH orpanHMena no MOflyjiio koh- 
CTaHTOH a: 

Vt e [0; a] |7(t) - o| < |a - 0| = a. 

PaCCMOTpHM npOH3BOJIbHyiO nOCJieflOBaTejIbHOCTb TpacKTopHft 7n(") £ 

Lip<^ (o,n). /]^OKa>KeM, hto h3 nee mo>kho Bbi6paTb cxoflflmyiocfl. 

Bee 7n(") paBHOCTeneHHO HenpepbiBHbi na npoMescyTKe [0;oo). Co- 
rjiacHO TeopeMe ApLi,ejia (cm. [1]) h3 jiio6oh paBHOMcpno orpanHHen- 
HOH nocjieflOBaTCjiBHOCTH paBHOCTeneHHO nenpepbiBHbix 4)yHKn,HH mo>k- 
no Bbi6paTb cxofl5in],yioc5i noflnocjieflOBaTejibnocTb. SnannT n3 jiio6oh no- 
cjieflOBaTCjibnocTn 7n(") MO>Kno Bbi6paTb noflnocjieflOBaTCjibnocTb 7„(-) 
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paBHOMepHO cxoflflmyiocfl na npoMe>KyTKe [0, 1]. Ha nee b cbord o^epeflb 
MO>KHO Bbi6paTb noflnocjieflOBaTejiBHOCTb 7^(-), cxofl5iiii,yioc5i na npoMe- 
>KyTKe [0,2], H TaK flajiee. rioflnocjieflOBaTejibHOCTb 7^(-) cxoflHTca na 
[0;k]. 

PaccMOTpHM Tenepb flHaroHajibnyio nocjieflOBaTejiBHOCTb 7^(-). Ona 
cxoflHTCfl paBHOMepHO na jiio6om KoneHHOM OTpesKe k neKOTopoft nenpe- 
pbiBHOH KpHBOH 7(-)- OMeBHflHO, MTO 7(0) = o. noKa>KeM JlHnmHLi,e- 

BOCTb 7(-): BOSBMCM JIIo6bie tl H t2 H paCCMOTpHM npOH3BOJIbHbIH KOHeM- 

HbiH OTpesoK [0; a] hx coflep>Kaiii,HH. Tor^a h3 paBHOMepnoft cxo^hmocth 
nojiy^aeM: 



ye > 03N > : Vn > A^ Vt e [0; a] |7„(t) - 7(t) | < s. 
Torfla HesaBHCHMO ot n > N nojiy^aeM: 

17(^2) - 7(^1) I < 1(7(^2) - 7n(t2)| + |7n(t2) " 7n(tl)| + |7n(tl) - 7(*l))|- 

OTCiofla BbiTCKaeT Hy>KHa5i naM OLi,eHKa, BepnaH fljia Bcex £ > 0: 

17(^2) -7(ti)| <2£+|t2-ti|. 
To ecTb BBHfly npoHSBOjibHOCTH £ > HMeeM: 17(^2) — 7(^1) | < |^2 ~ 



ti\. Mto h Tpe6oBajiocb. 



D 



riyCTb tT - 3TO HH4)HMyM 4)yHKLI,HOHajia T^{-) Ha BCeM MHO>KeCTBe 

S{^,o) flonycTHMbix TpaeKTopHfi: 

t'J^-^ = inf T^(7(-))- 
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Bo3MO>KHO, MTO tT = +00. B 3TOM cjiy^ae aafla^a onTHMH3aLi,HH 
He HHTepecHa, Tax KaK jiio6a5i flonycTHMaa TpaeKTopHH 5iBJi5ieTC5i on- 
THMajibHOH. OflHaKO, HH4)HMyM tT flocTaTOHHO HacTO KOHe^eH - ec- 



V 



Jin, HanpHMep, MHO>KecTBO Q = Supp'0(-) orpanHHeno b M", hjih ecjiH 
t(j{x) flocTaTOMHO 6biCTpo CTpeMHTCfl K npH a: ^ oo. IloBTOMy Mbi 6y- 
flGM CHHTaTb, MTO tT < oo (npoBep5ieTC5i 3TOT 4)aKT fla>Ke B cjiy^ae 
6ecKOHeMHOH Mepti Q npocTo: flocTaTOMHO nocTpoHTb xoth 6bi oflny flo- 
nycTHMyio TpaeKTopnio 7(-) c KoneMHbiM MaTeMaTH^ecKHM o>KHflaHHeM 
BpeMCHH noHCKa: t^[-j[-)) < cxd). 

PaccMOTpHM Tenepb Bce MHO>KecTBO flonycTHMbix TpaeKTopHft 5'(Q, o) 
BjiojKeHHe S{Q,o) C Lip<^(o,n) HHflyLi,HpyeT na 5'(Q,o) ecTecTBen- 
Hyio TonojiorHK). IlocKOjibKy nameft KoneMHoft Li,ejibio 5iBji5ieTC5i flOKa- 
saTejibCTBO TeopeMbi cymecTBOBaHHfl onTHMajibHoft TpaeKTopHH b Kjiac- 
ce 5'(Q,o), TO MBI 6yfleM paccMaTpHBaTb ne Bce MHO>KecTBO flonycTH- 
Mbix TpaeKTopHH, a jihiub ero noflMHO>KecTBO TpaeKTopHft c ne cjihiukom 
6ojiBmHM MaTCMaTHMecKHM ojKHflaHHeM BpeMeHH noHCKa: 

OnpeflejiGHHe 5.2. MnocHcecmeo S'^{Q, o) - amo MHODtcecmeo ecex do- 
nycmuMUX ^[■) e 5'(Q,o) maKux, umo T^{'y{-)) we npeeocxodumT G M; 

5'^(Q,o) = {7(-) e S{Q,o) : T^(7(-)) < T} 

JleMMa 5.2. PaccMompuM nocAedoeameAtHocm'b donycmuMUX mpaeK- 
mopuu 7n(") £ 5'(Q,o). £^cyiw t,/,(7„(-)) ?7-]3w aw6om n we npeeocxodum 
ueKomopou sadauHou KOHcmaHmu T: 7n(") G *S'"^(Q,o), mo Oam nonmu 
ecex a: e Q ^yHK%uu t(7„,a:) onpedeAenu npu ecex n u ozpanuueHM. 

/J^OKasameAhcmeo. JXim Ka>Kfloro 4)HKCHpoBaHHoro n fljia homth Bcex 
X E Q. onpeflejiena 4)yHKLi,H5i t(7„,a:). IlocKOjiBKy c^eTHoe oG^hep^mneRii- 

eu MHO>KeCTB MepBI eCTB CHOBa MHO>KeCTBO Mepbl ^^, TO flJIfl nOMTH 

Bcex a: e Q oflHOBpeMenno fljia Bcex n onpeflejienbi 4)yHKLi,HH t(7„,a:). 



'S^ecb, HanpHMep, mm HCH0Jib30BajiH EKCHOMy cneTHoro HOCJie^OBaTejibHoro Bbi6opa DC. 
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rioKa^KeM, MTO Mepa MHO>KecTBa trkhx a; e Q, npn KOToptix nocjieflOBa- 
TejibHOCTb t(7„, x) HeorpaHHHeHHa, pasHa 0: 

A= {x en-.yM 3N eN : t{-fN,x) > M}. 

PaCCMOTpHM MHOJKeCTBa 

Am = {x e n : 3N e N : t{-fN, x) > M} 
MHO>KecTBa Am nocTpoenbi Tax, mto 



oo 



A^ f]A, 

M=l 

Oii,eHHM HHTerpajibi (|)yHKLi,HH 'i(j[x) Ha MHO>KecTBax Am- A-^^ Jiio6bix 
M > BbinojiHfliOTCfl HepaBencTBa: 

T > T^(7iv(-)) > / tN{x)ilj{x) dx> M t(j{x) dx 

Am Am 

Sna^HT ^^, 

f T 

/ ih(x) dx < — . 
J ^ ^ ~ M 

Am 

TaK KaK D Ai D A2 ^ . . . ^ Am ^ . . ., to b CHjiy a6cojiioTHOH 
HenpepbiBHOCTH HHTerpajia Jle6era (cm. [1]), nojiy^aeM: 

/ t(j{x)dx= lim / tlj{x)dx = (11) 

J A ^^^°° J Am 

Tenepb BOcnojibsyeMca ne OTpHLi,aTejibHOCTbio il)[x) h tbm, mto Q. 

eCTb HOCHTejIb 4)yHKLI,HH ifj^x). nOJIO>KHM 



^Ilo cymecTBy HanncaHHoe HepaBencTBO rbjirstcr HepaBencTBOM He6bimeBa (cm. [1]). 
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Bo = {x en : tlj{x) > 1} H Vn > 1 5^ = {a: e Q : < i{j{x) < -}. 

n + 1 n 

oo 

Torfla \_\ Bn = ^2. Ho corjiacHO (11) fljia jiio6oro n Mepa ^(Afli^j^) = 

n=0 

0, H, ecTecTBeHHO, A C Q. B CHjiy a-aflflHTHBHOCTH Mepbi Jle6era: 



/i(A) = J]/i(yln5„) = 0. 

n=0 

Mto h Tpe6oBajiocb. D 

Cjie^CTBHe 5.1. PaccMompuM nocAedoeameAhHocm'b donycmuMUX mpa- 
eKuiopuu 7n(") G 5'"^(Q,o). Tozda Oam nonmu ecex x e fl cyiu^ecmeyem 
HUDtcHuu npedeA limt(7„,a;) < oo. 



JleMMa 5.3. nycmt nocAedoeameA'bHocm'b donycmuMUX mpaeKuiopuu 
7n(-) £ 5*^(0,0) C Lip<^(o,n) cxodumcM k neKomopou mpaeKmopuu 
7(-) E Lip<^ (o,n) e onucaHHOu euiue ceKeemi^uaAhHou monoAozuu npo- 
cmpaHcmea Lip<^(o,n). Tozda 7(-) npuHadAeotcum 5'(Q,o), mo ecmt. 
t(7, a:) onpedeAena Sam nonmu ecex x E Vt. BoAee 111020, Sam nonmu 
ecex X E n eunoAHCHO Hepaeencmeo: 

t(7, a;) < \imt{-fn,x). 



/J^OKasamcAhcmeo. PaccMOTpHM nocjieflOBaTejibHOCTb flonycTHMbix Tpa- 
eKTopHH 7n(") ^ >S'(Q,o) C Lip<^(o, n), cxofl5iiii,yioc5i k neKOTopoft 
7(-) e Lip<^(o, n). Ho jieMMe 5.2 fljia homth Bcex a; e Q oflHOBpe- 
MeHHO onpeflejieHbi Bce 4)yHKLi,HH t(7„, a:). Bojiee Toro fljia homth Bcex 
X E n nocjieflOBaTejiBHOCTb {t(7„, a:)}^^ orpaHHHena. Sna^HT, npn jiio- 

60M 4)HKCHpOBaHHOM X E Q. (sa HCKJIIOHeHHeM 6bITb MO>KeT MHO>KeCTBa 
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Mepbi 0) H3 nee mo>kho Bt>i6paTb noflnocjieflOBaTejibHOCTb, cxoflflmyiocfl 
K HH>KHeMy npeflejiy: 

lim t{^nk,x) = limt(7„,a:) = to{x) < oo 
noKa>KeM, MTO, flBHraflCb no TpaeKTopHH 7(-), nrpoK P saBeflOMO 

OCMOTpHT TOHKy X B MOMCHT BpeMCHH to{x) . BBHfly JlHniUHBOCTH BCeX 

TpaeKTopHH 7n(") HMecM: 



lim \-fnk{t{lnk,x)) -lnk{to{x))\ < Km \t{jnk,x) - h{x)\ =0. 
ynHTBIBafl, HTO 

|7(to(a;)) - x\ < |7(^o(a;)) - -fn^ {to{x)) | + 

hnk{to{x)) -7nfe(t(7„,,a;))| + 

H, ecTecTBeHHO, |7„j.(t(7^^, a;)) — a;| = 1, nojiynaeM, hto |7(to(a;)) — 
a;| < 1 + o(A:) npn A: ^ +00. To ecTb 

|7(to(a;)) - x\ <1. 

CjieflOBaTejiBHO, flBHraacb no 7(-), nrpoK P saBe^OMO ocMOTpnT Ton- 
Ky a: B MOMenT BpeMenn to (a:) n, snannT, b nepBbin pas on ocMOTpnT 
TonKy X ne no3>Ke neM b MOMenT to (a;), to ecTb t(7, •) onpe^ejiena fljia 
nonTn Bcex a; G Q, n, cjieflonaTejibno, TpaeKTopna 7(-) flonycTnMa: 
7(-) e S{Q,o). Bojiee Toro, 

t(7, a;) < to(a;) = lim t(7„, a:). 



Mto n Tpe6oBajiocb. D 
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TaKHM o6pa30M mbi flOKasajiH, mto mhojkcctbo S {Q, o) cjia6o kom- 
naKTHO B 5'(fi, o). 

J^Jisi flOKasaTejibCTBa TeopeMbi cymecTBOBaHHfl, naM, no 6ojibmoMy 
cneTy, ocTajiocb jihiub flOKasaTb nojiynenpepbiBHOCTb CHHsy 4)yHKii,HO- 
najia t^/,(7(-)). J^jm 3Toro naM noTpe6yeTC5i npocToe o6o6iii,eHHe TeopeMbi 
OaTy (cm. [1])^^: 

TeopeMa 5.1. PaccMompuM nocAedoeameAhHocm'b Heompuii^ameA'bHux 
cf)yHKVfUU {fn{x)}- EcAU Sam noumu ecex x ^ fl cyw^ecmeyem HuotcHuu 
npedeA 

limfnix) = f{x), 



u J fn{x) dx < K Sam ecex n, mozda cyw^ecmeyem J f{x) dx < K . 

/JoKaaameAhcmeo. ^^ nojio>KHM 

(^n{x) = inf fk{x); 

k>n 

J\ajiee, < fn{x) < fn{x) nosTOMy ipni,') HHTerpHpyeMbi, h 



< / '~Pn{x) dx < fn{x) dx < K] 
Jn Jn 

HaKOHeii,, 

< (pi{x) < (p2{x) < ■ ■ ■ < (Pn{x) < ■ 
H 



^^AsTopy He HSsecTHa jiHTepaTypa, b KOTopoii 6biJio 6bi npHBe^eno ^OKasaTejibCTBO SToro ecTe- 
CTBeHHoro o6o6iri,eHHfl TeopeMbi <I>aTy, h, nosTOMy, ee nojiHoe ^OKasaTejibCTBO npHBe^eno b TexcTe. 

^"^/loKasaTejibCTBO npaKTHHecKH ^ocjiobho noBTopaeT ^OKasaTejibCTBO TeopeMbi <I>aTy, npHBe- 
^eHHoe B [1]. 
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lim (pn{x) = f{x] 



n^oo 



noMTH BCiofly. rioBTOMy, npHMeHflfl TepeMy B.JleBH (cm. [1]) k {fn{')}'^=i 
nojiy^aeM Tpe6yeMbiH pesyjibTaT. D 

Cjie^CTBHe 5.2. PaccMompuM nocAedoeameAhHocm'b Heompmi^ameAh- 
Hux cf)yHKVfUU {fnix)} u HeKomopyw Heompmi^ameA'bHyw cf)yHKVfUW f{x). 
EcAU Sam noumu ecex a; G Q cyw^ecmeyem huchchuu npedeA fn{x), Ma- 
otcopupywinuu f{x): 

f{x) < limfnix), 

n— >(X) 

u J fn{x) dx < K Sam ecex n, mo J f[x)dx KOHeuen u mootce we 
npeeocxodum K . 



Tenepb mm roTOBbi flOKasaTb nojiynenpepbiBHOCTb 4)yHKLi,HOHajia r, 



■ip\ 



no 7(-) (ecTecTBeHHO, mm CHHTaeM, hto t\ KOHenen): 



^ 



JleMMa 5.4. ^yHKU^uonaA t^(-) noAynenpepueeH cnuay na npocmpan- 
cmee donycmuMUX mpaeKuiopuu S{Q,, o) omHocumeAtHO ceneeHii^uaAh- 
Hou monoA02uu UHdyv^upoeaHHOu OAOotceHueM 5'(Q,o) C Lip<^(o,n) 
(cm. onpedcACHue 5.1). 

/J^OKasameAhcmeo. PaccMOTpHM nocjieflOBaTejibHOCTb flonycTHMbix Tpa- 
eKTopHH 7n(") £ 5'(Q,o) cxoflflmyiocfl K HeKOTopoH TpaeKTopHH 7(-) E 
S{Q,o) H 6yfleM CHHTaTb, hto 

lim T^(7„(-)) = T. 

n— >oo 

JJpKayKeu, hto r^i^i^-)) KOHenen h ne npeBOCxoflHT T. Mm mo>kgm 
CHHTaTb, HTO T^(7n(")) < T + £ fljifl jiio6oro nanepe^ 3a;],aHHoro e > 



35 



- 3Toro Bcerfla mo>kho flo6HTbC5i nyTeM BbiKHflbiBanHH KOHe^Horo mhc- 
jia HaMajibHbix MJienoB nocjieflOBaTejibHOCTH 7n(")- BosbMeM 4)yHKLi,HH 

t(7j^, x) H t(7, x) H nOCTpOHM no HHM 4)yHKLI,HH 

fn{x) = t{^n, X)tl){x), H f (x) = t{^, x)tl;{x) 

CorjiacHO jieMMe 5.3 bth 4)yHKLi,HH yflOBjieTBopaiOT ycjiOBHio cjiefl- 
CTBH5I 5.2. SnanHT 



'^"^/'(t) = / t(7, a;)'?/;(a;) (ia: < T + £. 
if] 



riocKOJibKy 3TO HepaBencTBO BbinojiH5ieTC5i fljia Bcex s > 0, to t^(7) < 
T. D 

JleMMa 5.5. MnocHcecmeo S'^{fl, o) KOMnaKumo oiJiHocumeAhHO ceneeH- 
VfUaAbHou monoAozuu, undyi^upoeaHHOu eAOCHcenuMMU S'^{Q,o) C 
S{n,o) C Lip<i(o,n) 1^ 

/J^OKasameAhcmeo. PaccMOTpHM npoHSBOjibnyio nocjieflOBaTejibHOCTb 
7n(-) G 5* (Q,o). TaK Kax Lip<;L (o,n) - KOMnaKT (jieMMa 5.1), to bo3- 
M05KH0 Bbi6paTb noflnocjieflOBaTejibHOCTb 7nfe(")' cxofl5iiii,yioc5i k hckoto- 
poH 7(-) e Lip^i[o,n). CorjiacHO jieMMe 5.3 7(-) e 5'(Q,o). Tax KaK 
4)yHKLi,HOHaji T^(-) nojiynenpepbiBeH CHHsy na 5'(Q,o) (jieMMa 5.4), to 
T^{^{-)) < T", H, cjieflOBaTejibHO, 7(-) e 5'"^(Q,o) D 

TeopeMa 5.2. £^cyiw rl < oo (nanpuMep, Q ozpaHuneno e M""), mo e 
nocmaoAeHHOu sadaue noucna c nenoAHOu UH^opMa%ueu cyw^ecmeyem 
donycmuMasi onmuMaAtHa^ mpaeKuiopusi 7(-) G 5'(Q,o). 



^^CaMO }Ke MHOJKecTBO ^onycTHMbix TpaeKTopnii S{Q,,o) ne flBJiaeTCii KOMnaKTHbiM: jierxo 
npHBecTH npHMep nocjie^OBaTejiBHOCTH TpaeKTopnii 7„(-) G S'(r2,o), cxo^iminxcii k HeKOTopoii 
7(-) G Lip<]^(o, n), HO npH stom r^(7n) CTpeMHTCa k +oo h 7(-) ^ ^(rijn). 
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JJ^OKasameAhcmeo. PaccMOTpHM mhojkcctbo S '^'^ (Q,o). Oho KOMnaKT- 
HO no npeflbiflymeft jieMMe, a 4)yHKLi,HOHaji t^/,(-) nojiynenpepbiBeH chh- 
3y (jieMMa 5.4). SnanHT t^(-) flocTHraeT MHHHMyMa. Hto h Tpe6oBa- 
jiocb. n 

Hy H HaKOHeii, noKa>KeM, hto b o6iii,eM cjiynae eflHHCTBeHHOCTb ot- 
cyTCTByeT. Ecjih 4)yHKLi,H5i iIj^x) saBHCHT TOjiBKO OT paccTOflHHfl ueyKfly 
TOHKaMH X m o m ne saBHCHT ot nanpaBjienHfl BCKTopa ox: 

i^{x) = tl^{p{x,o)), 

TO npH noBopoTe onTHMajibHoft CTpaTernn c noMombio jiio6oro opTO- 
HopMHpoBaHHoro jiHHeftHoro npeo6pa30BaHH5i A E 0„(M) npocTpancTBa 
M" Mbi nojiy^HM CTpaTerHK) c tcm MaTeMaTHnecKHM o>KHflaHHeM BpeMe- 
HH nOHCKa, H, 3HaHHT, TaK>Ke onTHMajiBHyio. 

Ba>KHO TaK>Ke otmcthtb, hto mbi flOKaaajiH TeopeMy cymecTBOBaHHfl 
fljifl KJiacca flonycTHMBix TpaeKTopHft c nanepefl HeorpanHnenHBiM Bpe- 
MeneM noHCKa, Tax KaK S{Q,,o) C Lip<;^(0,n) C Lip<;^([0; +00) -^ M"^). 
To ecTB anpHopH BpeMH noHCKa na TpaeKTopHH (b tom nncjie na ohth- 

MajIBHOft) MO>KeT 6bITB 6eCKOHeHHBIM (xOTfl MaTCMaTHHeCKOe 0>KHflaHHe 

BpeMeHH noHCKa MO>KeT 6bitb KoneHHBiM). 

B cjiynae orpaHH^eHHoft o6jiacTH Q HHTepecen Tax >Ke cjiynaft flony- 
CTHMbix TpaeKTopHH B npocTpaHCTBC Lip<^([0;T] -^ M"). 

Onpe^ejiGHHe 5.3. MHoofcecmeoM S{ft,o,T) = S{fl,o)nLip^i{[0;T] — 
M") MM 6ydeM Haaueamh MHOotcecmeo ecex donycmuMUX mpaeKuiopuu 
maKux, umo eepo^mHocm'b ycneuiHozo OKOHuanu^ noucna e MOMenm 
epeMCHU T paena 1. EcmecmeeHHO, 5'(Q, o, +00) = 5'(Q,o). 

JieMMa 5.6. OzpaHuueHHOcmh (c mouHocmhw do MHOotcecmea Mepu 0) 
o6Aacmu Q, paenocuAhHO moMy, umo cyw^ecmeyem T > 0, npu KomopoM 
5'(Q,o,T) we nycmo. 
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/^OKaaameAhcmeo. PaccMOTpHM Ky6 [—R] i?]", r^e i? > - hckoto- 
poe 4)HKCHpoBaHHoe MHCjio. HeTpyflHO npeflTiflBHTb TpaeKTopnio 7i?(-) 
ocMaTpHBaiomyio bcio BHyTpeHHOCTb 3Toro Ky6a sa KoneMHoe BpeMH 
T > 0. EcjiH o6jiacTb Q orpanHMena (c tomhoctbio j\o MHO>KecTBa MepBi 
0), TO ee Bcerfla mo>kho bjio>khtb b flocTaTOMHO Gojibluoh Ky6 [—R] i?]", 
H, 3HaMHT, MHO>KecTBO S{QjO,T) 6yfleT He nycTO h coflep>KaTB 7i?(-). 

EcjiH >Ke fljifl HeKOToporo T > MHO>KecTBO S{Q,OjT) ne nycTO h 
7(-) e 5'(Q, o, n), TO fljifl jiio6oro t e [0; T] HMeeM p{'~f{t), o) < T, ho fljia 
HOHTH Bcex a: e Q cyH],ecTByeT t e [0;^] TaKoii, hto p[x,^{t)) < 1. To 
ecTB p[x, o) < T + 1. 9to h osnanaeT orpaHHHenHOCTB o6jiacTH Q. D 

TeopeMa 5.3. Ecau o6Aacm'b Q, ozpaHuuena (c mouHocmhw do MHOotce- 
cmea Mepu 0), mo e aw6om nenycmoM KAacce 5'(Q,o,T) cyw^ecmeyem 
onmuMaAhHasi mpaeKmopusi 7y(-).' 

/J^OKasameAbcmeo. PaccMOTpHM MHO>KecTBO 



Lip<i(o,n,T) = {7(-) e Lip<i([0;T] ^ M") : 7(0) = o}. 

rio TeopeMe ApLi,ejia (cm. [1]) MHO>KecTBO Lip<^(o,n,T) KOMnaKTHO 
(cm. flOKasaTCjiBCTBO jicMMBi 5.1). ripH 3TOM S{Q,o,T) = (S (Q,o) n 
Lip<^(o, n, T), TO ecTB 5'(Q,o,T) cctb nepeceneHHe flByx KOMnaKTOB h, 

CJieflOBaTCJIBHO, TO>Ke KOMnaKTHO. SnaHHT, HOJiyHCHpepBIBHafl 4)yHKH,H5I 

'T-ipi') flocTHracT Ha hcm MHHHMyMa. Mto h Tpe6oBajiocB. D 

Abtop 6jiaroflapeH SejiHKHny M.H. sa hoctohhoc BHHMaHHC k pa6oTe 

H MHO>KeCTBO H,eHHBIX H,eHHBIX COBCTOB. 
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